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ABSTRACT: The aim of this paper is to investigate the simultaneous approximation properties of the Baskakov—
Durrmeyer type operator. In particular, we study the approximation of functions and their derivatives simultaneously
by the operator G,(f;w). Within the framework of simultaneous approximation, we establish several direct results
concerning the approximation behavior of the operator. These results provide further insight into its convergence and
smoothness properties.
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I. INTRODUCTION

Durrmeyer [1] introduced integral modifications of Bernstein polynomials, leading to more adaptable approximation
tools. This initiated significant research on integral type operators, with many researchers contributing to our
understanding of their properties, limitations, and applications (we refer to [2] [3] [4] [5] [6] [7] [8] [9] [10] [11]).
Gupta (1) introduced a novel modification to the Baskakov operator, a fundamental tool in approximation theory.
Gupta’s approach involved incorporating the weight function of the Beta operator, thereby enabling the approximation
of Lebesgue integrable mappings over the interval [0, c0)as

[oe]

l

-1 «
M i =) (") g ), 0Oy, welbe)

k=1

1 wk
B(l+1,n) (1+w)n+i+1
This modification not only broadened the scope of the Baskakov operator but also showcased the integration of diverse
mathematical concepts to enhance approximation techniques.

where v, (y) = and B(l + 1,n) is Eiiler beta function.

We denote Cz[0,0), (8 > 0) be the class of continuous mappings on [0, o0) satisfying |f (y)| < My#,M > 0. with
norm

Ifll; = sup IfFOIy~*.
o<y<oo

We introduce the operator G, (f; w) such that,

(2) Ge(fiw)=(c+1) Z Vgiz1-1 (W) f Vgsa1-1 O)f () dy, w € [0,00),
=1 0
where
o+l1—-1 wt
v = ("

aimed at improving the approximation (space of Lebesgue integrable functions on [0, ©0)).
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Assuming that R;(w, y) is the kernel of equation (2) in the form expressed by

[oe]

@) G, (f;w) = f R, w,y)f () dy,
0

such that
R, w, y) =(+1) Z Vot2,1-1 (W)Ua+2,l—1(y)-
=1

To ensure the study is self-contained, we address the importance of the Ditzian-Totik moduli of smoothness and
unified K —functional [12]. We study the posibillity of approximation of derivatives of functions by
corresponding derivatives of sequence of operators. So we will prove that convergence is obtained for
sufficiently smooth function we shall also find rate of approximation.

This study is known as simultaneous approximation behaviour of operators sequence. The direct results in simultaneous
approximation are obtained in local setting. For global results, we use the properties of Steklov means to obtain error
estimates in terms of modulus of smoothness. The Steklov averaging means are defined as follows. Let f € C[a, b] and
[a;, b1] € (a,b). Then, for sufficiently small 2 > 0, the Steklov mean f; ¢ of s-th order corresponding to f is defined
by

2/2 /2 s
fa@ =17 [ [ o+ )] [dtrelanb)
-A/2 -A/2 i=1

Lemma 1. For the function f} ;, we have
(a) fs hasderivatives up to order s over [ay, b, ];
® 1D NaypyS CAT a0 (F 4 [0, ), 7 = 1,2,...,5;
© W f = fas Naypy)S Cos(f, 4, [a, b]);
@ 1 fas ||[a1,b1]S Cllf lre,p1;
© 1D Niaypr1< CA N f g,
where C is a certain constant not same at the each occurrence that depends on s but is independent of f and A.

Proof. Following [13] or [14], the proof follows easily.

II. PRELIMINARIES

To establish the primary conclusions of this study, a few introductory lemmas are proved. Let e; be the function
e;(w) =wii—1€N,we€ [0,0).
Lemma 2. The operator G, verifies the following:

1. Gyleg;w) =1,

2. Gylep;w)=w+ 12w

J
g
6(c+1)w2+4(c+2)w+2
(o-1)o

3. Gylepzw)=w?+

Lemma 3. For the operators G, we have the following:

_ (@w+1)

1. Ga(y—w;w)—T,
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2((c+5)w(w+1)+1)
(c0-1)o

2. Gy(y—w)iw) =

Lemma 4. For s € N U {0}, if we define
. -1\
Us,s (w) = lzl: Vot2,1-1 w) (? - W) ,

w(1+w)
o+2

then U, (W) =1,U,;(w) = 0and Uy, (w) =
Further, there holds the recurrence relation

(0 +2)U; 5. (W) =w(1 + W)[U’U’S(W) + SUG'S_l(W)].
Consequently, for all w € [0, o)
Ug,s(w) = 0(o~16+0/20),
where [a] denotes the integral part of a.
Lemma 5. [15] Let the function T, ;(w), s € N U {0}, be defined as
TpswW) = G,((y — W):o' w)

=@+ DY Vs ) [ a0 = wyay.
=1 0

and

(2w+1) w) = 2((o+5)w(w+1)+1)
0.2 - (c-1)o

Then T, (W) = 1,T, 1 (w) =
(0 = )Tp 501 W) = W@ +W[T'5s(W) + 25T, 51 W] + (s + D(L + 2w)T, s (w)..

Proof. By definition, we have

Tgs) =@+ DY boiaia) [ Vgrars GI - w)dy
1=1 0

4@+ DY Vorais ) [ Torai s O)G—w)ay.
=1 0

Using the identities

l—-1—-(c+2)w
w(l+w)

b’0+2,l—1(W) = v0+2,l—1(W)

we have
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w(l+w) [T'U_S w) + STU_S_l(W)]

= (o+1) Z Vgsz1—1 (W) f [I-1D=(+2)y+0+2)—W]Vs42-1 () —w)dy
=1 0

= DY [ A+ s I = WYy + (0 + D a )
=10

= —(+DA+2w)T, (W) —sw(d +w)T, (W)
(5 +2)Ty 501 (W) + (0 + 2)T, 541 (W).

Thus by rearrangement of terms, we obtain
(0= 9)Tys1 (W) =w(l + W)[T’U’S(W) + ZSTU’S_l(W)] + (s + 1A+ 2w)T, s(w).

This completes the proof of recurrence relation. From the above recurrence relation, it is again verified for all w €
[0, o0) that

T, (w) = 0(o~1s+11/2),

Lemma 6. It is easily verified from Lemma 4 that for each w € (0, )

(c+i+ D= . _(a+)!(c—1D)! i—1+0<1)

G, (5 = —
aO5w) G+Dlal VT T G Dl

a2/
Lemma 7. There exist the polynomial Q; ;-(w) independent of ¢ and I such that

T d
(W(l + W)) aw [”a+2,l—1(W)]

= D @+ U= 1=+ 2DW) 0y W Vuoa W)
2i+jsr
i,j20

By C,, we denote the class of continuous functions on the interval (0, ) having a compact support and C{ is the class
of r times continuously differentiable functions with C§ < C,. The function f is said to belong to the generalized
Zygmund class Liz(a, 1, a, b), if there exists a constant M such that w,(f,§) < M§%,6 > 0, where w,(f, §) denotes
the modulus of continuity of second order on the interval [a, b]. The class Liz(a, 1, a, b) is more commonly denoted by
lip*(a, a, b).

We assume throughout the paper that 0 < a’' < a” < b" < b' < b < oo,

G" ={g:9 € C[*?,supp g c [a’,b']}. For 0 < ¢ < 1 and r times continously differentiable functions f with

supp f < [a’, b'], the Peetre’s K — functionals is defined by

= ) _ g ] (r+2)
K& ) = 08 (157 = 0oty + € {19 Negamn + 197 g}

For 0 < a < 2, the symbol CJ(a, 1, a, b) denotes the set of functions for which
sup §7*?K,.(§,f) < C.
0<€=1

Lemma 8. Let f(r) € C, with supp f < [a",b"] and if f € C§(a, 1,a’,b"), we have f(r) € Liz(a,1,d’,b").
Proof. Let g € G™, then for f € Cf(a,1,a’,b"), we have
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123D W) < 145(f T — gT) W) + 1459 W)]
< M50 = gD gy + 821972l [0, b]
< MKT(52,f)
< M@,
Z

Lemma 9. If fis r times differentiable on [0, o), such that f(r) € CB[O, o) asy — oo, the forr = 1,2,3,...and ¢ >
o + r we have

(0+r+1)!(0—r+1)!§: °°
Vosrsais ) | Vo riaisr s OO0y
(U + 1)|0_| o+r+2,l-1 o o-r+2,l+r—1

=1

G (fw) =

Proof. First

G = D B @) [ Vorars IOy
=1 0
Now using the identities

4) b,a+2,l—1(W) =(oc+ 2)[vo'+3,l—2 w) - Ua+3,l—1(W)],

for [ = 1, we have
Gy (f,w)
= Z(U +1) (0 + 2)[17a+3,l—2 w) — Va+3,1—2(W)] J Vgszi-1 f (V) dy
=1 0

=(@+1D(0+2) Z[”a+3,l—1(W)]jO [”a+2,l(W) - Ua+2,l—1(W)] f)ady
=1

[ee] 0 1
=(0+D(0+2) Z[vo‘+3,l—1(w)]j ~ oo f ) dy.
=1 0

Integrating by parts, we get

G = @ +D Y Vornis W) [ Vo OIF Oy,
=1 0

Thus the result is true for r = 1. We prove the resukt by induction method. Suppose that the result is true for r = i,
then

1 - 1)!
(G+l-(l-a-?-1()0!a!l+ ! Zvo+l+2z 1(W)f Vo—iszirioi O dy.

=1

Glgl) (f} W) -

Thus by using the identities of equation (4), we have
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GO (£ w)

(c+i+D!'(c—i+ 1)
(oc+1)!o!

X (o+i+2) [Vo+i+3,l—2(W) - Vc+i+3,l—1(W)] f Votit2,l+i-1 £ (y) dy
1=1 0
(0+i+2)!(0—i+1)!i o .
- TRIYCOY [ ARG BRI ) IO
(0_+ 1)!0_! o+i+3,1-1 o [ o—i+2,1+1 o—i+2,l+i—-1 ]

I=1

Finally, integrating by parts, yields

(0+i+2)!(0—i+1)!§: % .
Vostrain W) | Voriar FO0@) dy,
(0. + 1)! G! o+i+ o o—1+ +1

I=1

GOV (fw) =

This completes the proof of the lemma.

III. CONVERGENCE RESULTS

In this section we present the following results.

Theorem 1. Let f € C3[0,0) and f™ exists at a point w € (0, ). Then we have
GP(Ew) = £ (w)

as o — oo,

Proof. By Taylor expansion of f, we have

r

£ :
f(y) = Z (w) (y—w)' +ely,w)(y—w),

il

i=0
where e(y,w) - 0 asy —» w.

Now,

. r f(l) (W) ® ; ® .
6PEW) = ) 6P~ W) w) + 6P (e, w)(y — W) w)
i=0
= Ry +R,, say.
First we calculate R;. Using the binomial expansion of (y — w)! and using the Remark 6, we have
r

Z f(i)i(!W) Zl: (é) (W)™ a?/\rzr Go(y", w)
v=0

i=0

fr(w)d_r[(0+r+ D! (c—r)!

Ry

w’ + terms containing lower power of w

r! dwr? (o+ D!o!
. (c+r+ D' (c—1)!
- f(w)[ (0 + o ]

Now applying Lemma 7, we obtain
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R, = G((,r) (e(y, w)(y — w)",w),s0 that

Q] o .
Rl< Y GIMZ|1—cw—2w—1|1v6+2,1_1(w>x
2itj<r (w1 +w) =1
i,j=0

Xf Voiz1-1 M Iely, wlly —wl" dy
0

Since, €(y,w) — 0 asy — w for given € > 0, there exist a § suh that [e(y,w)| < € whenever 0 < |y —w| < 8. If a >
max{B, r} where a is any integer, we can find a constant C > 0, |e(y, w)(y — w)"| < Cly — w|* for |y — w| = 6.
Therefore,

[oe]

IR;I< C Z GinﬁZ,]_l W) —ow —2w — 1|}

2i+jsr  1=0
1,j=0

x {ef Vorzi-1 Iy —wl"dy + f Vorzi-1 Iy —wl* dy}
ly-wl<8 ly-wl|=8
= R; + Ry, say.
Applying Cauchy-Schwarz inequality for integration and summation respectively, we obtain

[oe]

1/2
R;< eC Z o {Z Verz1-1 W1 — ow — 2w — 1)21} X
dimer U=

ij20

oo 1/2
x {Z Varaioa (W) = W) dy} .
1=1
Using Lemma 4 and Lemma 5, we get

R; = €-0(n"2)0(n7"/?) = €.

Again using the Cauchy-Schwarz inequality, lemma 4 it follow that
Ry < C2itjsr 0" X1 Vorzi-1 W1 —ow — 2w — 1] f|y_w|25 Voizi-1 My —wl*dy
1j20

. . 1/2

S CTaisjer 0 B2, Vouzin WL — 0w — 2w — 1 {[ . Vous11 () dy}

ij20
) 1/2
X{, —jas Vorzir O — w)>* dy}
CXaitjsr 0 {22 Vorzis WA — ow — 2w — 1)}
ij20

0 0 2a 1/2

X {21=1 Vot2,1-1 w) fo Vo+2]1-1 Wy —w) dY}

= Yai+jer 0 0(61/2)0(07%2) = 0(c0~9/2) = o(1).

ij20

1/2

IA

Collecting the estimates R;, R,, R; and R,, we obtain the required result.

Theorem 2. Let f € Cg[0, o). If f+2) exists at a point w € (0, ©). Then

limof G (Ew) — FOW)] = r(r + DofO(w) + (r + D + 2w)Fr (w)
+x(1 4+ x)f T+ (w).
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Proof. Using Taylor’s expansion of f, we have

r+2 f(i) .
fly) = Z i(!w) y—=w)+ ey, w)(y —w)?,
i=0

where e(y,w) - 0 asy » w and e(y, w) = O((y — W)B),y — oo for > 0. Applying Lemma 5, we have

o[G (f, w) — £© (w)]
r+2 f(i) .
- [Z 60 (= wyl,w) - £ )
i=0

+GG((;) (e(y, W)(y — w)™+2,w)
=F; +F,, say.

First, we have

Fi= o ZO I(IW) ZO (;) (_W)I—JG((;”) (y,w)y' dy — of @ W)
i= =
£
- ° r(!W) G5y, w) — (D]
f(r+1)
+"(r+—§)wl) [(r + D (=wW)GE " w) + G5 (y T+, w)]
fr+D(w) (r+2)(r+1)
T+ 21
+G5(y T+, w)].

+ w2GE (", w) + (r + 2)(—w)G5(y™+D, w)

Therefore, by 6, we have

+0% [+ 1(-w) {(" * (r:i;le_ 2l (r)!}

S D s e 2 RS D
+o% [(r+2)(r + 1)w? (0 +(rc++1i;!( Z!_ D! !
2w {(G = ‘("023_!3’! ;!r — (r+ Diw+ (r+ 1F — ;1-2!1()0! ;1r — !}
+0(o-?)]

In order to complete the proof of the theorem it is sufficient to show that F, — 0 as 0 = oo which easily follows
proceeding along the lines of the proof of Theorem 1 and by using Lemma 4, Lemma 5 and Lemma 7 .

Theorem 3. Let [a;,b;] € (a,b) (0, ), and f® exists and is continuous on [a, b] then for sufficiently large o,

1GP (Ee) = £ llpa, < €@ 1 £ Il +00,(FD; (0)7V%; [ag, by ),
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where C is independent of f and o.
Proof. We have that
NG E) = £ N by <N G (F= fuze) Nagpy) HI G (F12,0) = £ Niayy]

D — £ o
=A; + A, + A, say.

Since, (f;\_z)(r) = (f (r)) A2 by property of the Steklov mean it follows that

A3 < C ﬁ)z(f(r);}\l [al'bl])'

Next, applying Theorem 2 and the Riesz-Thorin interpolation theorem, we have that

r+2

A, <C(o)t Z 15 Magby)
m=r

=C (G)_l(” f)\,Z |I[a1,b1] +l f?E,rZ+2) |I[a1.b1])
< C@7 (I faz May oy +1 (FD) 02 lay b,1).

r+2

A, <C(o)? Z 15 Magby)
m=r

< C©@7 (I fuz Mayay +1 65 Niay )
< C@7 (N iz Maypy 1 (F7) 22 liay,)-
Hence, by properties of Steklov mean we have
Ay <C@(INF I 4272w, (FD, 2, [ag, by ).

In order to find estimation for A3, let us write f — f; , = W. By our hypothesis, we can write

L wm) () _ wm
Yy = ZIPT!(W)(y—W)“%Lp ® r!Lp W) (y—w)x(y)
m=0

+ Ay, w)(1 —x®),

where £ lies between y and w, and ¥ is the characteristic function of the interval (a, b). For y € (a,b) and w € [a, b,],
we have

vG) = Z P (w) YOE - POW)

— G-wm+ - v-w),

m=0

If y € [0,0)\(a,b),w € [a;,b,] then, we define

L\ y(m)
AW =) - Y Dy

m=0

Now,
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(m)
G, (P(y),w) = mZO—Lp m(w) GO ((y —w)™, w)
Ggr) ((q;(r) ® — p (w)) y —w)"x(y), w)
+
r!
+ G (A, w)(1 - x(y), w)

B; + B, + B3, say.

By using the identity, we write that

q;(m) (w)

B, = G —w)™,w)

ik

mO

Z Lp(m)(w)z ) w6 (v, w)

= x (c r)tp(")(w)
Hence,
1Bl < Chle) £ = £l

Next, using Lemma 7 and Cauchy-Schwarz inequality for integration and then for summation we get
2
1Bol < SO — £ Mg, 1 G OO)ly = wl,w)

2 Qijr(w) -
<5l £ — £ Nappy] Z (o +2)i—21 [ (W] Zvﬁz‘]_l(w)ll—1—(0+2)w|1><
' 2i+jsr (W(1+ )) =1
i,j20

X | Vorz1-1 Mx@Ny — wl* dy

N OSS

R IRCOIIRN .
L £ — f}E,rz) lfaybs] Z (o+ 2)‘%2 Vorzi—1 W1 =1 = (o + 2)w x
' 2itj=r (W(l + W)) =1
i,j=0

% ([ Vorars ) 40V2(| Vorars G = wyr a2
0

0

S C IO 6D oy ). (0+2) () Vargoa W= 1= (0 + 2wV x
I=1

2i+jsr
ijz0

X (6+2) ) Vorars ) [ Vorars @) —w))2
1=1 0

< C IO =6 iy ). (0+2)0(072)0(0772)
2i+jsr
ij=0

S C D =7 Naypy)
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Since y € (0,0)\(a,b), we can choose a § > 0 in such a way that |y — w| = & for all w € [a;,b,]. Thus, by Lemma
7, we obtain

1B, < (0’+2)iM(0‘+2) \ WN=1-(c+2)wl
3 == Wr(l +W)r o+2,1-1
2itj<r =1
ij20

Vo+2]l-1 O Ay, w)| dy
ly-wl|=8

For |y — w| = 8, we can find a constant C > 0 such that |A(y,w)| < Cly — w|S. Finally using Cauchy-Schwarz
inequality for integration, it easily follows that B; = 0((0)~®) for any s > 0.

Combining the estimates B; — B3, we obtain in view of (c) of Steklov mean,

A; = CI £ — f)E,rZ)HZ lfayb,1F 0((0)™*)
< C Wal42 (f(r)' }\' [al' bl]) + O((G)_S)-

Taking A = (6)~1/2 the proof is completed.

Our last result proves local rate of approximation.
For simultaneous approximation properties of the operator G (f,w), we use the transformed operator G, (f,r, w). This
operator is defined by

[oe]

(o+r+D!'(c—r+1)!

Cc,r(f' w) = o+ o lZl:vcs+r+2,1—1 (w) Lmvc—r+2,l+r—1 Wf(y) dy,
and
(A}G,r(l,w) = c—;r-l-l
Clearly

Go(fO,w) = Cf,” (f w).
Theorem 4. Let f®™ € Cg[0, ). Then
|ac,r (f: W) - f(r) (W)l

<ol f® ((0+r+ D! (o —r1)!

1/2
G+ Diol (c+1D(0+2)+2(c+ 120+ 5w(1 +w)> +

(c—1)

*oorrpl @l

Proof. We have

_(0+r+ D!(oc—r+1)! =

Go,r (7, ) (c+ Dol

Vo+r+21-1 (w) f Vo-r+2l+r-1 (Y)f(r) (y) dy,
0

I=1

Since

Z Vot+r+2,1-1 w)=1

I=1
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and

1 (c+r+D!I(o—r+ 1! ® B
Gor(l,w) (c+ Dol fo Vorsziir—1 ¥ dy | =

Therefore
|Gg o (f®,w) — f@ )|

_ @+r+DI—r+ DIY
B (c+1)!a!

Votr+2]l-1 (w) f Vo-r+2]+r-1 (Y)f(r) (y) dy
0

1=1
_f(r)M
cr(l W)
G+r+ Do —r+ 1

- (o + Dlo!
(o=
(o—r+1)
= Gor (IfP () — £P W], w) +

=F; +F,, say.

Votr+2]l-1 (w) j Vo—r+2]+r-1 W) (f(r) ) - £ (W)) dy|
0

=1
|f(r)( )|

(o

Tl)'f(r)( )|

Now for F; in view of the inequality

ly — wl
|f(r)(y) _ f(‘")(w)l < (1 + 5 )w(f(r);S).

we have

[Gor (0, W) = FOW)] < (7 5) (Go,r(l, w) + M)

8

Using Cauchy-Schwarz inequality, we obtain

1
Go,r(ly —wlw) < (Gc,r((y - W)z): W)z-
By direct calculations, we have

(c+r+ D' (c—r)
(c+1D!o!

@G,r((y —w)3,w) = ((c +1(0+2)+2(c+1)2c +5)w(d + W))

Hence,

|f(r)(w)|.

|G6,r(f(r)iw) _ f(r)(w)l < (l)(f(r); 5) (Co,r(llw) " Go,r(ly - Wl, W)) n ( (0 - I‘)

5 o—r+1)

The theorem now follows by choosing

§ = (c+r+1)!(c—r)
B (c+1!o!

1/2
(c+1D)(0+2)+2(c+1)2c+5w( + w)) .

IV. CONCLUSION
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This study provides the study of behaviour of derivatives of the summation-integral type operator G, (f,w) and
concludes that the operator sequence {Gér)(f, w)}o~, converges to the function f ™ (x). A Voronoskaja type
asymptotic formula for r-th derivative of the operator was also obtained with an improved rate of approximation (%)
for sufficient smooth functions. Using the properties of Steklov means error estimates are calculated in terms of
modulus of smoothness. The approach can be applied to other summation-integral type operators like Stancu variant of
Széasz—Mirakjan—Baskakov operator to study simultaneous approximation.
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